The purpose of this paper is to give an alternative proof of recent results of M. Arino and B. Muckenhoupt [1] and E. Sawyer [8] , concerning Hardy's inequality for nonincreasing functions and related applications to the boundedness of some classical operators on general Lorentz spaces. Our approach will extend the results of [ 1, 8] to the values of the parameters which are inaccessible by the methods of these papers.
Introduction
The Hardy's inequality of the form aoo / px \<? \ '/« if00 \llp
[J f(t)dtj u(x)dxj <c(jf f(x)v(x)dxj
is well known. The problem of determining weights u and v for fixed p and Q, 1 < P, Q < oo, has been investigated by many authors [3, 5, 6, 12, 13] ; furthermore, the important case 0<^<l<p<oo has recently been studied by G. Sinnamon [9, 10] (see , also [11] ). The final form of these results may be summarized as follows. Theorem 1. Necessary and sufficient conditions for the validity of the inequality (1) with weights u, v > 0 for all f > 0 such that the right side of (I) is finite, and constant C independent of f are (a) Let 1 < p < q < oo, l/p + l/p' = 1. Then (1) holds iff aoo \ I/? / ft \ Up' u(x)dx) ( / v]-p'(x)dx\ < oo.
Moreover A < C < a(p, q)A .
(b)Let 0<q <p<oo, p> 1, i/r=l/q-l/p, l/q+l/q' = 1. Then (1) holds iff The constants a, ßi, ß2 depend only on p, q .
Several authors [1, 7, 8] have recently considered inequality aoo /1 çx \q \Uq / r°° \Up
[-J f(t)dtj w(x)dx) <C(J f(x)v(x)dxj
where / is a nonnegative and nonincreasing function. Necessary and sufficient conditions are known for (4) if 1 <p -q < oo , w = v. These can be derived using the so called "dilation function." Specifically, let V(r) -/J v (x) dx . Then the inequality
is valid for nonincreasing functions g > 0 iff for some e > 0
This was shown by D. W. Boyd [2] . S. G. Krein Recently M. Arino and M. Muckenhoupt [1] have shown that (5) is equivalent to v satisfying the condition
Jt tp Jo where the constant D does not depend on / e (0, oo). They have also pointed out the application of this criterion to a similar problem for Hardy-Little wood's maximal function on general Lorentz spaces. E. Sawyer [8] has extended the above results to cases of different weights v , w and exponents 1 < p , q < oo . Sawyer's approach is quite general and reduces the problem to Hardy's inequality with arbitrary functions by means of duality. His method relies upon a proof of the reverse Holder inequality of the form
where g J. means that the function g is nonincreasing. If T is the operator defined by Tf(x) = J0°° k(x, y)f(y) dy where k(x, y) is a nonnegative kernel and if for simplicity we assume that /0°° v -oo, one can apply this result to obtain the equivalence
Sawyer then proved the following theorem via the corresponding Hardy's inequalities for the operators on the right side of (8) using Theorem 1 and its dual.
Theorem 2. Necessary and sufficient conditions for the validity of (4) with the weights w > 0 and v > 0 for all nonincreasing functions f > 0 with finite right side of (4) and constant C independent of f are (a) Let 1 < p < q < oo. Then (4) is valid iff
and ai(p, q)(A0 + Ai) < C <a2(p, q)(A0 + Ai).
and also ß^(p, q)(Bo+Bi) <C< ß$(p, q)(Bo+Bi). The constants ai, a2, /?3, ßi, depend only on p, q .
In §2 we shall give an alternative proof of Theorem 2. The main new result of the paper is the following extension of Theorem 2 to the case 0 < q < 1 < p < oo , and 0 < p < q < oo , 0 < p < 1. 
andyi(p, q)(A0+J^i) <C< y2(p, q)(Ao + M)-The constants yi, y2 depend only on p, q.
The proof of Theorem 3 is given in §3; at the end of this section we state and prove a new sufficient condition (Proposition 2) for (4) when 0 < q < p < 1 .
The following notations will be employed in the paper.
A -c B means the inequality A < cB with the constant c depending on oo 0 ' oo ' 0 p, q only. Products and quotients of the forms 0 • oo , ^ , k are taken to be 0.
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Proof of Theorem 2
2.1. First we consider the characterization problem for the inequality
We need the following preliminary results.
Lemma. If0<q<p<oo, l/r = l/q -l/p, then A0 < B0 and
Moreover, B0 « ¿%o <C B0. Proof. First we show " =>• ". Let Bq < oo, then
This implies that Ao <C Bo and integration by parts yields
The proof of " <= " is similar.
Proposition 1. Necessary and sufficient conditions for the validity of (14) for all nonincreasing / > 0 are as follows.
(a) Let 0 < p < q < oo . Then (14) holds iff A0 < oo.
(b) Let 0 < q < p < oo. Then (14) holds iff B0 < oo.
Remark. For 1 < p , q < oo Proposition 1 is contained in Remark (i) of [8] .
Proof, (a) The necessary part is trivial by substituting in the inequality fft = X[0,t], where Xe(x) = 1 for x £ E and Xe(x) -0 for x £ E. To prove sufficiency we proceed as follows. Let h > 0, supp/* c (0, oo), f(x) = J^° h and /0°° fpv < oo . Integration by parts and Minkowski's inequality yields In the case /0°° v < oo we have to change the weight v to v + e, e>0. The result follows from the previous case, by obtaining uniform estimates with respect to e and then applying Fatou's lemma. For instance, if ( 14) holds and /0°° v < oo then the inequality (/0°° ßw)1'« < C(/0°° fp(v + e))1'» is also valid with the same constant C. It implies 5n, e < C, where 5, 0,e ,oo / ft \ -Up ]l/r / Wr'p(t) I v + e) w(t)dt By Fatou's lemma, we get Bo < C. Conversely, if Bq < oo and /0°° v < oo, then Boy£<Bo and we get Ccßo,e< #o by the above arguments.
2.2. Next we prove the necessary part of Theorem 2. Let us assume that /0°° v = oo and start with case (a), 1 < p < q < oo . Let 0 < t < oo and Changing the order of integration we have
This shows that C > Ai when /0°° v = oo. This case J0°° v < oo can be easily proved by the arguments at the end of the previous section. *«(j)j-«u>(í)</j) .
As usual we assume that /0°° v = oo and 2?i < oo and will prove that C > B{ .
We have
where Also we have for 1 < q < p < oo the lower bound.
Changing the order of integration we get r/q' MS)= loilo^0") fV_1(t)w(t) Hence C » Bx in the case 1 < q < p < oo and /0°° v = oo . As before the case J0°° v < oo follows by the arguments used at the end of §2.1.
2.4. Now we prove the sufficient part of Theorem 2. Let us assume at first that /0°° v = oo ; we take as before Integrating by parts we have <"> F'-riy)'-r(j)'^rN ow we have to consider separately the cases 1 < p < q < oo and 1 < q < p < oo. If 1 < p <q < oo then (9) 
Combining the estimates (15), (16), (18), and (19) we get the sufficient part of Theorem 2(a). The proof of the sufficient part of Theorem 2(b) is similar. Let 0 < q < p < oo, then using (17) and Holder's inequality with exponents p/q and r/q we get This implies the estimate aoo \ q/p f»V '2 ^^1 and ends the proof.
